Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "5 Inverse trig functions\5.5
Inverse secant”

Test results for the 174 problems in "5.5.1 u (a+b arcsec(c x))*n.m

Problem 25: Result more than twice size of optimal antiderivative.
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Problem 63: Result unnecessarily involves imaginary or complex numbers.

d+ex a+bArcSec[cx]) dx
3/2

Optimal (type 4, 372leaves, 22 steps):
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Problem 64: Result unnecessarily involves imaginary or complex numbers.

j\/d+ex (a+bArcsec[cx]) dx

Optimal (type 4, 315leaves, 15steps):
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Problem 65: Result unnecessarily involves imaginary or complex numbers.

2ib

a+bArcSec[cx]
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Optimal (type 4, 212 leaves, 9steps):
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Problem 67: Result unnecessarily involves imaginary or complex numbers.

a+bArcSec[cx]
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Optimal (type 4, 298 leaves, 12 steps):
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Result (type 4, 326 leaves):
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Problem 68: Result unnecessarily involves imaginary or complex numbers.
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4be(1—c2x2) 16bce(1—c2x2> 4be(1—c2x2)

15cd (c?d*-e?) [1- 1 x(d+ex)3/2 15<c2d27e2)2

c? x?

x+d+ex Scdz(czdz—ez) 1- -1 x+/d+ex

e x2

4b (7c2d*-3e?) /d+ex \/1-c2x? EllipticE APCSIH[%] —2e-]

2 (a+bArcseclcx]) ? Cdee
d+e x
cd+e

+
5/2
e(d+eX>/ 15 (C2d3_de2)2\/

Ap | Sldex) \[1 2y ElllpthF[Ar‘cSm[@], 27e} 4p | Sdex) /7 c2y2 E111pt1cP1[2 Ar‘cSm[@}, 279]
cd+e V2o cd+e cd+e V2 cd+e
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Result (type 4, 407 leaves):
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Problem 96: Result more than twice size of optimal antiderivative.
x> (a+bArcSec[cx])
J dx
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Optimal (type 4, 608 leaves, 31 steps):
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Problem 97: Result more than twice size of optimal antiderivative.

Jx3 (a+bArcSeccx]) 4
X
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Optimal (type 4, 570 leaves, 29 steps):
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1. ife
vd i (_\/? m) el ArcSec[cx] i (ﬁ m) el ArcSec[cx]
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4bArcSin| | Log[1 | +2bArcSeccx] Log[1+ ] -
V2 c/d cVd
1+?\/% +/c 2d+e) el Arcsec(cx]
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cVd
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b\/?Log[ b\/?Log[
\/ -c2d-e (\/7 \/7) \ -c?d-e (\/7+11\/7 )
- +
V-c?d-e V-c’d-e

i (\/? m) i ArcSec[c x] i (7\/? m) i ArcSec[c x]
| -2ibPolyLog|2,
c/d cV/d
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Problem 98: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

Jx (a+bArcseclcx])
(d+ex?) 2
Optimal (type 3, 131 leaves, 7 steps):

b chr‘cTan[m]
a+bArcSec[cx] bcxArcTan|[+/-1+c2x? | [ dre

N
e(d+ex2) 2dec?x? 2de VcZdre V2 x?
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4e| d+ex? d+ex? d
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]

+
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Problem 99: Result more than twice size of optimal antiderivative.

a+bArcSec[cx]
J dx

X (d+ex2)2

Optimal (type 4, 546 leaves, 24 steps):
b+/e ArcTan [ _eae
e (a+bArcSec[cx]) i (a+bAr‘cSec[cx])2 cVe |15 x

) (a+bArcsec[cx]) Log|
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1_ c {—d enAr‘cSec[cx] }
Ve -1/ c?d+e

— + —

2d? e+;7) 2bd? 2d?+V/c?d+e

—d ej ArcSec[c x]

Ve -/ c2d+e

(a+bArcsec[cx]) Log[1+ € (a+bArcSeccx]) Log[1- <
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Ve +/c2d+e
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2d?

—d eiArcSec[c x]

e +/ c2dre
+

2 d? 2 d?

ibPolylog|2, - €

Ve -/ c2dre Ve -/ c2dre

] enAr*cSec[cx] ] ]]_ b Polyl_og {2) c d enAr‘cSec[ch ] ]]_ b Polyl_og[z’ B c {7d eiArcSec{ch
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]
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i bPolylog|
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+ +
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+
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| 13
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1 Vd
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SijrcSin[ ] Ar‘cTan[ 2 ] - 2bArcSec[cx] Log[1+ ] -
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ive
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4bAr‘cSin[ ] Log[lJr } -2bArcSec[c x] Log[1+ ] -
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l—c\/; i (_\/? m) i ArcSec[c x] i (ﬁ m) i ArcSec[c x]
4bArcSin[ ————] Log[1+ | -2bArcSec[cx] Log[1- |+
N2 cVd cVd
1- ?\/% i (\E m) el Arcsec[cx] i (\E m) i ArcSec[c x]
4bArcSin| | Log[1- | -2bArcSeccx] Log[1+ ]+
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1+?\/% i (\E m) el ArcSec(cx]
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2 cVd
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 -ctd-e (\ﬁ ie x ) A -c?d-e (rﬂl\ﬁ )
V_Zd-e V-c2d-e
i (\/? m) i ArcSec[c x] i (7\5 m) i ArcSec[c x]
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cVd cVd
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2alog|d+ex?| +21ibPolyLog|2,

i (ﬁ “’c2d+e) i ArcSec[c x] i (\/? *’c2d+e) i ArcSec[c x]
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cVd cVd
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Problem 104: Result more than twice size of optimal antiderivative.

st (a+bArcseclcx]) 4
X

(d+ex2>3

Optimal (type 4, 707 leaves, 33 steps):

bcd 1- 212 cve [1--1 x cve [1--1 «x
ox a+bArcSec[cx] a+bArcSec[cx] ax 2

_8e2(c2d+e) (e+:—2)x_ 4e(e+;—2)2 ) 2e2(e+f—z> : 2652+ /2dre 8e5/2(c2d+e)3/2

bAr‘cTan[@] b (c2d+2e) Ar‘cTan[@]
- +

(a+bArcSeccx]) Log[l—M} (a+bArcSeccx]) Log[1+M} (a+bArcsec[cx]) Log[lfM
Ve -/ c2d+e Ve -n/ 2 d+e Ve ) c2dre
N

+ +

2e3 2e3 2 @3
(a+bArcSec[cx]) Log[1+ &1 el Areseelex] . i bPolyLog|2, - <4 o Arcsecex] ]
Ve i/ die (a+bArcSec[cx]) Log[1+e?iArcsecicx] ] Je A dae
263 e3 2e3

ib PolyLog [2, M} ib POlyLog [2, _c/d @i Arcsec[cx] ] ib Po]_yLog [2, ¢/ e Aresecicx]. | |
e -/ c?d+e Ve 41/ c2d+e Ve /2 die i b PolyLog [2, _ @2 iArcSec(cx] ]
+

2e3 2e3 2e3 2e3

Result (type 4, 1805 leaves):
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+ +
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b — — g T ]
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b |- +
16 e5/2 16 e5/2
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X (2c?d+e) Log|- . L
Ar‘cSin{i] . ¢ \/? \/? 17c2 2 [ (2cde) [—n H+J:x
e | + -
\/? (CZ d+e) (71'1 \/?+\/? X) (CZ d+e>3/2
1 ArcSec[c x] 1
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16 e>/2 d 16 e5/2
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d

\/?(—Ji\/?+\/?x)2

1
e 1—C2X2

ArcSec[c Xx]

i(2c2d+e) Log|

4d+/e +/c?d+e [—J'L Ve +c [c d ++/c2de [ 1-

1

2 x?

] ]

(2c?dve) (iﬁﬂﬁx)

]

\H(CZdJre) (1’1H+\Ex) \/?(j\/?+\/?x>2

d (c2d+e>3/2
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ive
1+C\/; (jc\/?+\/?)Tan{lAr~cSec[CX” i(\/? “/2d+e) i ArcSec[c x]
i |8ArcSin[—————] ArcTan| 2 | -21iArcSec[cx] Log |1+ | -
4e’ V2 Vcidre cd
1+ ?\% i (\/? m) i ArcSec[c x] i ( m) i ArcSec[c x]
4 i ArcSin| | Log[1+ | -21iArcSec[cx] Log|[1+ |+
V2 c/d cvd
1+i4\% ]'l(\/? [c 2d+e) el Arcsec(cx]
41iArcSin[————] Log[1+ | +21iArcSec[cx] Log[1+e?iAresectlex]] _

V2 cVd

7@ 1/CZdJre) i ArcSec[c x] 1(\/? 1/CZdJre) i ArcSec[c x]

} + POlyLog{ @2 i Arcsec|c x]} .

2 Polylog|2, | -2PolyLog|2, -

c/d c/d
1_&@ ) 1 )

1 Ny (—1C\/?+\/?) Tan[;Ar‘cSec[cx}] 1(—\/? \/c2d+e) i Arcsec[c x]
——1i |8ArcSin[ ————] ArcTan| | -21iArcSec[cx] Log[1+ |-
4e’ A2 J2die c/d

1 ile . .
VT i (7\/? m) el Arcsec[cx] i (\E m) el Arcsec[cx]
4 i ArcSin| | Log|[1+ | -21iArcSec[cx] Log[1- |+
A2 c/d cVd
ive
1_cxﬁ: i (\/? m) el Arcsec[cx] .
4 i ArcSin[ ——] Log|1- | +21ArcSec[cx] Log[1+e?iAreseciex]] _

V2 cVd
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i (ﬁ_«/czd_*_e ) el Arcsec[cx] i (\/?+</c2d+e ) el Arcsec[cx]
| -2PolyLog|2,
cVd cVd

2 Polylog|2, ] +Polylog[2, -e2iArcseciex) |

Problem 105: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

in‘ (a+bArcSeccx]) 4
X

(d+ex?) 3
Optimal (type 3, 157 leaves, 6 steps):

bc(ctd+2e) xAr‘cTan[ﬁ et ]

bexyV-1+c?x? x* (a+bArcSec[cx]) Jdre
¥ _
8e(c2d+e>\/c2x2 (d+ex2> 4d(d+ex2)2 8de3/2 (c2d+e)3/2\/c27

Result (type 3, 389leaves):
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2bce [1- -2 x L1
1 4ad 8a 2x 4b (d+2ex?) ArcSec[c X] 4bAr‘C51"[;]
- + - + + +

1662 (d+ex2)2 d+ex? (c*d+e) (d+ex?) (d+ex2)2 d

d+/-c2d-e e¥/? r+c[1cr—w/—czde

b(2d+2e)( \FF)

161d\/—c2deeS/Z{r+c[1cr+w/—czde ]
be (c2d+2e) Log| e eae] (VEive ]
.
d(-c2d-e)*? d(-c2d-e)*?

be (c2d+2e) Log[

Problem 106: Result unnecessarily involves imaginary or complex numbers.

dx

Jx (a+bArcseclcx])
(d+ exz)3

Optimal (type 3, 193 leaves, 8steps):
bc(3c2d+2e) xAr‘cTan[@}

bcx/-1+c2x? a+bArcSec[cx] bcxArcTan|[+/-1+c2x? | cdee
_ _ N _
8d (c?d+e) Vcix? (d+ex?) 4e (d+ex?)? 4d%ec?x? 8d?\e (c2d+e)??~/c2x?

Result (type 3, 386 leaves):

2bc [1- '
1 4a ¢ ax * 4 b ArcSec[c X] 4bAr‘c51n[i]
16 | e(d+ex?)® d(c*d+e) (d+ex?) e (d+ex?)? e

16 d2+/ -c2d-e e |\e +c [lcr—xl—czd e 161 d2+/ -c2d-e e |-+e +c|ic/d +\/-c?d-e
b(3c2d+2e) Log|- b(3ctd+2e) Log|
b(3c2d+2e) (i\ﬁ+\/7) b( c2d+Ze) (\/7+11r)

d? (—ch_e)B/Z\/? dz(—czd—e>3/2\/?
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Problem 107: Result more than twice size of optimal antiderivative.

a+bArcSec[cx]
J dx

x (d+ex?) 3
Optimal (type 4, 685 leaves, 28 steps):

1

b 1-
ce e x e? (a+bArcSec[cx]) e (a+bArcSec(cx]) i (a+bArcSec[cx])?
+ - + -
8d? (c2d+e) (e+;7)x 4d3 (e+:—2)2 d3 (e+;—2) 2bd?

eve [« eve 1« (a+bArcseccx]) Log[1- ]
(ae Je [ dre
d*Vc2d+e 8d® (c2d+e)’? 2d?

(a+bAr‘cSec[cx}) Log[1+ M} <a+bAr\cSec[cx}> Log[l_w} (a+bAr~cSec[cx}) Log[1+w
e -/ c?d+e e +/ c?d+e e +/ c?dre
+

b\/?Ar‘cTan[@} bve (c?d+2e) ArcTan{@
N

2d3 243 243
. _ i ArcSec[c x] . c —d eﬁAr‘cSe([cx] . c —d et ArcSec[c x] . c —d eiAr‘(Sec[(x]
i b PolylLog|2, - eof-d elireiecien) i bPolylog|?2, ef-d ettreiecin) i bPolylLog|2, - i bPolylLog|2, cyf-d gtreiecien)
[ Ve -/ c?dre ] [ Ve -/ c?d+e ] [ Ve +/c?d+e } [ Ve +/c?dre
+

2d? 2d3 2d3 2d3

Result (type 4, 1871 leaves):
a a alog(x] alog[d+ex?|
. _

4d(d+ex2>2+2d2 (d+ex?) d3 2d3
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2+/d *'c‘xcv“‘T—\‘“—czd \“lfcllx2 ‘ 2 e |4fe o/ c2ae \‘\“ oy x‘
Log| ——— —] Log| — - ]
) Arcsin[ 1] [-c2d-e [a -ive Arcsin[ L] Vzae [Va e
i (3.3 \ i fox |
e N Ve cde
. ArcSec[c x] . ArcSec[c x]
5ive |- 5i+e |- _
i+/d Ve +ex Vd -i+/d e +ex \d
+ +
16 d>/2 16 d5/2
ade Vrdre |ie +c|cd —\c2dee \/Lﬁ‘x
2c?d+e) Log|- . — L
Ar‘cSin[l—} . cd Ve 178% X ( ) { (2c?d-e) id e x} }
ol g N : )
Ve (c?d+e) (711 x/d_+\/?x) (cd+e)??
1 ArcSec[c Xx] 1
e |- + +
16 d? : 2 d 16 d2
Ve (—1\/d +Ve X)
ade \[c2die |-ie +c [cﬁ+x/czd+e [1-2 |«
(ol &
. 1 . 2
icve [1- .11 i(2c2d+e) Log| ]
242 1 ]
o x ArcSec[c x] Arcsin | X] (2c2dve) (i+d /e x)

Ve

\/?(c2d+e> (]i\/?+\EX) \/?(i\/FJr\/?x)z

- +

d (c2d+e)3/2

| 21
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i i ArcSec[cx]2 - ArcSec[cx] Log |1+ e2Areseciex] |, 2 j polylog[2, - e2tArcseciex] |
d3 )
ive
1« (jC\/?Jr\/?)Tan[iAr‘cSec[cx]} i(\/g “/2d+e) o Arcseccx]
1 8Ar‘cSin[7] Ar‘cTan[ } - 21 ArcSec|[c Xx] Log[1+ } -
ad V2 VeZdie e\
ive
1-%—6\/(:T ]l(\/? N 2d+e) i ArcSec[c x] Jl(\/? e 2d+e) i ArcSec [c x]
4 i ArcSin[ ————] Log[1+ | -2 1 ArcSec[cx] Log |1+ |+
V2 cd cd
1+Li\ﬁj J'l(r N 2d+e) i ArcSec [c X] .
4 i ArcSin[————] Log[1+ | +21iArcSec[cx] Log[1 +e?iAreseclex]]
V2 c/d

_\/? “/2d+e) el Arcsec[cx] 1(\/3 “/2d+e) el Arcsec[cx]

2 Polylog|2, | -2PolyLog|2, - o2 i Arcsecicx] |

| +PolyLog|2,

cVd cVd
L ivE .
cvd (—iC\/?+\/?) Tan| 1 ArcSec[cx] | 1‘1(—\/? m) el Aresecfcx]
i 8Ar‘cSin[7] Ar‘cTan[ 2 ] -2 1 ArcSec[cX] Log[1+ } -
4d V2 Vc2d+e cVd
1_1'14@
v i (_\/? m) i ArcSec[c x] i (\/? m) i ArcSec[c x]
4 i ArcSin| | Log[1+ | -2iArcSec[cx] Log[1- |+
N2 c/d cVd
ive
1_C\% i (\/? m) el Arcsec[cx] ‘
4 iArcSin[———] Log|[1- | +21iArcSec[cx] Log[1+e?iAresectex]] _

V2 cd



i (ﬁiﬂ/c2d+e ) el Arcsec[cx] i (\/?+“/C2d+e ) el Arcsec[cx]
| -2PolyLog|2,
cVd cVd

2 Polylog|2,

Problem 111: Result unnecessarily involves higher level functions.

st \Jd+ex* (a+bArcSec[cx]) dx

Optimal (type 3, 403 leaves, 12 steps):
b (23c4d2+12c2de—75e2) xvV-1+c2x2 \/d+ex> b (29c2d—25e) XV -1+c?x? <d+ex2)3/2

+ —

1680 c® e 1/ c? x? 840 c3 e? +/ c? x?
bxV-1+c2x? (d+ex?)®? d? (d+ex?)®? (a+bArcSec(cx]) 2d (d+ex?)*? (a+bArcSec(cx])
+ - +
42 ce?/c?x? 3e3 5e3

(d+ex?)”? (a+bArcSec[cx])

Ad A -1+c2x?
n _

| +PolyLog|2,

-€
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2 1 ArcSec[c X] ]

8bcd7/2xAr‘cTan[@] b (105c®d*-35c*d?e+63c2de?+75¢e?) xAr‘cTanh[ﬁ e ]

c+/d+ex?

7¢e’? 105 e3 v/ c2 x? 1680 c6 e®/2 /2 x2

Result (type 6, 706 leaves):
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1 1 1 ex
-||lbd |1- x> | (185c®d®-35c*d?e+63c*de’ +75¢e3) AppellFl[1, —, —, 2, *x*, - ——|
2 x2 2 2 d
24 appellFif2, =, >, 3, — 4 | - e AppellFi|2 SO LR || +4AppellFi[1, =, =, 2 ! L
(C ppe [ JZJ 2: chxzzfexz - @ Appe 121 2) ,szz,iexz + ppe ) 12: ,czxz’iexz
6 42 52 2 4 32 2 4,2 8 43 2 1 1 2 2 eX2
(35c®d?e*x*-63c*de*x?-75c?e* x? + c®d® (128d-105e x*) ) AppellF1[1, —, —, 2, ®x?, - —— ] +
2 2 d
g 43 2 1 3 , , ex? 5 3 1 , ., ex?
32c®d* x —eAppellFl[Z, —, —, 3, C° X%, —7] +C dAppellFl[Z, —, —, 3, C° X%, —7] /
2 2 d 2 2 d
1 1 1 d 1 3 1 d
[840c5 e’ (-1+c?x?) \Jd+ex® |-4c?ex?AppellFi[1, =, =, 2, , - ——| +c?dAppellFi[2, =, =, 3, , - ——] -
2 2 c? x? e x? 2 2 c? x? e x?
3 1 d
eAppellFil[2, =, —, 3, y -]
2 2 c? x? e x?
e x? 1 3 e x? 3 1 e x?
——] +x? | -eAppellF1[2, =, =, 3, c*x?, - ——| +c*dAppellF1[2, =, =, 3, *x?, - —] JJ +

2 2 d 2 2 d

11 ,
4dAppellFi[1, =, =, 2, X2, -
202

X (75e2+2c2e (19d+25ex2) +ct (-41d2+22dex2+4ee2x4)) +

1
2 5 3 _ 2 2 2 4 36\ _
———+/d+ex? |l6ac (8d 4d’ex’+3de’x*+15e>x%) -be "

1680 c° e3

16bc® (8d>-4d>ex®+3de”x*+15e’ x®) ArcSec[c x]

Problem 112: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

JXE' \Jd+ex* (a+bArcSec[cx]) dx

Optimal (type 3, 294 leaves, 11 steps):
b(c2d+9e) x/-1+c2x* Vd+ex? bx-1+c2x* (d+ex?)’? d(d+ex?)*? (a+bArcSec[cx])
- +

2 20cec2x? 3e?
@] b (15 c4d?-10 czde—9e2> xAr‘cTanh[ﬁ et }
c+/d+ex?

52 2bcd5/2xAr‘cTan[
(d+ex2) (a+bAr‘cSec[cx]) Va1
- +
5e’ 15e2+/c2 x2 120 c*e3/2+/c2x

120c3 e/ c?x

2
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Result (type 6, 628 leaves):

3 4 42 2 2 1 1 2,2 eXZ
bd x> | (15c*d*-18c*de-9e?) AppellFl[1, —, —, 2, *x*, - ——|
22 2 2 d
, 1 3 1 d 301 1 d
(c dAppellFi[2, =, =, 3, , - ——| -eAppellF1[2, =, —, 3, s - |+
2 2 c? x? e x? 2 2 c? x? e x?
1 1 1 1 1 e x?
4 AppellFi[1, =, —, 2, »-——] [(1ec*de?x? +9c?e?x? + c®d? (16d-15ex?) ) AppellF1[1, —, =, 2, *x?, - —— | +
2 2 c? x? e x?
6 12 2 1 3 , , ex? 5 3 1 , , ex?
4c®d*x? |-eAppellF1(2, =, =, 3, ?x?, - ——| +c*dAppellF1[2, =, =, 3, > x?, - —| /
2 2 d 2 2
1 1 1 d 1 3 1 d
[60 e (-1+c*x?) \/d+ex? -4 c?ex?AppellFl(1, =, -, 2, , - ——| +c*dAppellFi[2, =, =, 3, , - ——
2 2 c? x2 e x? 2 2 c? x2 e x?
AppellF1[2 2,1, 4
e appe 27 27T ey e x?
1 1 e x? 3 e x? 3 1 e x?
[4dAppellF1[1, =, =52, x%, - ——] +x?|-eAppellF1[2, =, =, 3, 2 x?, - —— | + c*dAppellF1[2, =, =, 3, * X, - | ]J +
2 2 2 2 2 2
1
————/d+ex? |8ac® (-2d*°+dex’*+3e’x*) -be
120 c3 e?

Problem 113: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JX\/d-%—EXZ (a+bArcsec[cx]) dx

Optimal (type 3, 195leaves, 9 steps):

3 bc d3/2xAr‘cTan[@
bxv-1+c2x2 Jd+ex? (d+ex?)** (a+bArcSec[cx]) Va A/ 12
_ N . _

6 c/c2x2 3e

b (3 c2d +e) xAr‘cTanh[@}
c+/d+ex?

6c2\e V2 x?
Result (type 6, 548 leaves):
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1

c? x?

s 11 , , ext [, 1 3 1 d 31 1
(3c2d+e) AppellFi[1, —, =, 2, X2, - —| (c dAppellFi[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3, s
2 2 d 2 2 c? x? e x? 2 2 c? x?
1 1 1 1 1 e x?
2 AppellFi[1, =, =, 2, -——] [(-2c?e®x*+2c*d (2d-3ex?)) AppellFi[1, —, =, 2, ?X*, - —— ] +
2 2 c? x? e x? 2 2 d

2

1 3 ex 3 1 e x?
c*dx? |-eAppellF1[2, =, =, 3, ¢2x?, - —| +c*d AppellF1[2, =, =, 3, Zx?, - —| ]] / [3c (-1+c*x?) \/d+ex?
2 2 d 2 2
. 11 1 d , 13 1 d 301 1 d
[—4c e x? AppellFi[1, =, —, 2, , - ——| +c?dAppellFi[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3, —
2 2 c? x? e x? 2 2 c? x? e x? 2 2 c? x? e x?
1 1 e x? 1 3 e x? 3 1 ex
[4dAppellF1[1, =, =, 2, Ax%, - ——| +x? |-eAppellF1[2, =, =, 3, *x*, - ——] + c2dAppellF1[2, =, —, 3, *x?, - —|
2 2 d 2 2 d 2 2 d

Vd+ex?

~be [1--2 x+2ac(d+ex?)+2bc (d+ex’) ArcSec[cX]
X

6ce

Problem 119: Result unnecessarily involves imaginary or complex numbers.

dx

J\/d+ex2 (a+bArcSec(cx])

x4

Optimal (type 4, 328 leaves, 11 steps):

2bC(C2d+2e)\/—1+c2X2 Jd+ex? bcv-1+c2x?2 \/d+ex?
+

9d~/c?x? 9 x%2/c?x?

(d+ex?)®? (a+bArcsec[cx]) 2b¢ (c2d+2e) xVV1-c2x? v/d+ex? EllipticE[ArcSin[cx], - =]

cd

+
3dx3

9d/c2x2 V/-1+c2x? 1+edi

J
cd

b(c2d+e) (2c2d+3e) xV1-c2x? llJrEd—"2 EllipticF [ArcSin[cx], - 5|

9d/c2x2 V/-1+c2x? +/d+ex?

Result (type 4, 247 leaves):
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Vd+ex? |-3a(d+ex?) +bc ll—czlxz x (d+2c?dx*+4ex?) -3b (d+ex?) ArcSec[c x]
9dx3 )
2
Jibc\/l ! xJueX [Zczd(c2d+2e) E11ipticE[i ArcSinh[+/-c? x|, - —] -
c? x? d c?d
(2c*d*+5c*de+3e?) EllipticF[i ArcSinh[+/-c* x], 7%] /(9\/7c2 d\/lfczx2 \/d+ex2
c“d

Problem 120: Result unnecessarily involves imaginary or complex numbers.

dx

J\/dJrex2 (a+bArcSec[cx])

x6

Optimal (type 4, 453 leaves, 12 steps):

bc (24c*d?+19c?de-31e?) Vo1:c2x® VJdrex? b (12c2d-e) Vo1+e2x2 Jdrex?

+ +
225 d? +/ c? x? 225d x? /2 x?
bcvV-1+c2x2 (d+ex?)’? (d+ex?)*? (a+bArcSec[cx]) 2e (d+ex?)>? (a+bArcSec([cx])
_ . _
25dX4«/C2X2 SdXS 15d2X3
bc? (24c*d?+19c2de-31e?) xV/1-c2x? \/d+ex? EllipticE[ArcSin[cx], —i]

225d2/ 2 xZ -1+ c2x2 1+edi

b(c?d+e) (24c*d*+7c2de-30e?) xV1-c*x? l1+ed—)‘2 EllipticF [ArcSinfcx], - =]

)
c%d

225d2+/c2x2 V-1+c2x? /d+ex?

Result (type 4, 325leaves):
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;xldJrexz -15a (3d2+dex2—2e2x4) +

225d?2 x°

x (-31e®’x*+dex* (8+19c*x*) +3d*> (3+4c?x*+8c*x*)) -15b (3d*>+dex*-2e”*x*) ArcSec[cX] | -

1 e x?
X 1+

c?d (24 c*d? +19c?de - 31e?) EllipticE[i ArcSinh[+/-c? x], 7%} +
c“d

c? x?

(-24c®d®-31c*d?e+23c*de’+30¢e%) EllipticF[iArcSinh[/-c® x|, -Zi}) /(225J—c2 d\1-c2x? \[drex?
c‘d

Problem 121: Result unnecessarily involves higher level functions.

Jx3 (d+ex2)3’/2 (a+bArcsec[cx]) dx

Optimal (type 3, 374 leaves, 12 steps):
b(3c*d2-38c2de-25e?) xV/-1+c2x> Vd+ex? b (13c2d+25e)x/-1+c2x? (d+ex?)’?

560 c® e \/ c? x? 840 c e~ c?x?
bxV-1+c2x? (d+ex?)*? d(d+ex?)*? (a+bArcSec[cx]) (d+ex?)”? (a+bArcSec[cx])
_ . _
42ce~c?x? 5e? 7 e?

2bcd7/2xAr‘cTan[@] b (35c®d®-35c*d?e-63c2de?-25¢?) xAr‘cTanh[@}
Nd A -1+c2x? c+/drex?
+

35e2+/c? x? 560 c® e3/2 1/ c? x?

Result (type 6, 679 leaves):
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1

bd [1- x> | (35c®d®-35c*d’e-63c*de?*-25¢°)
c2x2
11 , ,  ext. 1 3 1 d 31 1 d
AppellF1[1, =, =, 2, *x?, - —| [c dAppellF1[2, =, =, 3, , - ——| -eAppellF1[2, =, —, 3, -+
2 2 d 2 2 c? x? e x? 2 2 c? x? e x?
1 1 1 d 1 1 e x?
4 AppellFi[1, —, —, 2, s -——] | (35c°d?e*x* +63c*de*x? +25c?e* x? + c®d® (32d-35ex?)) AppellFl[1, —, =, 2, *x*, - —— | +
2 2 c? x? e x? 2
8 43 2 13 2., X 2 3.1 2., ex
8 c®d’x —eAppellFl[Z, —, —, 3, C°Xx°, —7] +C dAppellFl[Z, —, —, 3, C° X%, —7} /
2 2 d 2 2
1 1 1 d 1 3 1 d
[280 e (-1+c*x?) \/d+ex? (—4 c?ex?AppellFi[1, —, —, 2, , - ——| +c?dAppellFi[2, =, =, 3, , -—] -
22 c? x? e x? 2 2 c? x? e x?
AppellF1[2 1, 2 d
e Appe - - —
2727 T e e x?
1 1 e x? 3 e x? 3 1 e x?
[4dAppellF1[1, =, 5,2, 2%, - | +x? (—eAppellFl[Z, =, =53, %%, - ——] +c2dAppellF1[2, =, =, 3, *x?, - —] ]J -

2 2 2 d 2 2

1-

éxld+ex2 48 ac’ (2d—5ex2) (d+ex2)2+be
1680 c> e?

-~ x(75e2+2c2e(82d+25ex2)+c4 (57d2+106dex2+40e2x4)>+
2 x

48bc® (2d-5ex?) (d+ex2)2Ar‘cSec[cx]

Problem 122: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx (d+ex?)®? (a+bArcSec[cx]) dx

Optimal (type 3, 262 leaves, 10 steps):

b (7c2d+3e) xvV-1+c2x2 /drex? bxy/-1+c2x? (d+<—:-x2)3/2

N
40 c3/c2x? 20 ¢/ c2x?
5/2 bcdS/zxArcTan[@ b (15c*d?+10c*de+3e?) xArcTanh[VF Lt x?
(d+ex?)”* (a+bArcSec[cx])

Ad A -1+c2x? c+/d+ex?
" _
5e

5e+ c?x? 40 c* e V2 x?




30 | 5.5 Inverse secant.nb

Result (type 6, 604 leaves):

x3 —(15c4d2+10c2de+3e2>
c? x?

1 1 , ., ex? B 1 3 1 d 3 1 1 d
AppellF1[1, =, =, 2, *x?, - —| [c d AppellF1[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3, , - — |+
2 2 d 2 2 c? x? e x? 2 2 c? x? e x?
1 1 1 4 2 2 2 A3 2 6 42 2 1 2 2 eXz
AppellFi[1, =, =, 2, » -] (46c*de’x*+12c?e*x* +4c®d (—8d+15ex))AppellF1[1, =, T, 2, X, -]+
202 c? x2 e x?
6 42 2 1 3 2,2 eXz 2 3 1 2,2 eXz
8c®d?x? |eAppellF1[2, =, =, 3, ?x?, - ——| - c*dAppellFi[2, =, =, 3, 2x?, - —| /
2 2 d 2 2
1 1 d 1 3 1 d
[20 A (-1+2x?) yJd+ex? [-4c?ex? AppellFl[1, —, =, 2, , - ——| +c?dAppellF1[2, =, =, 3, , - -
2 c? x? e x? 2 2 c? x? e x?
AppellF1[2 301 3 ! i]
e ppe El 2J 2) B CZXZJ _eXZ
1 1 e x? 1 3 e x? 3 1 e x?
[4dAppellF1[1, =, T, 2,0, -] 4% (—eAppellFl[Z, =, =, 3, %%, - ——| +c2dAppellFi[2, =, —, 3, *x?, -
2 2 d 2 2 d 2 2
Vd+ex?

8ac® (d+ex?)’-be [1- czlxz x (3e+c?(9d+2ex?)) +8bc3 (d+ex?)?ArcSec[cx]

40 c3e

Problem 129: Result unnecessarily involves imaginary or complex numbers.

J<d+ex2)3/2 (a+bArcseclcx])
6

dx
X

Optimal (type 4, 416 leaves, 12 steps):
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bc(8c“d2+23c2de+23e2)\/—1+c2x2 \d+ex? 4bc(c2d+2e)\/—1+c2x2 Vdiex? bec/-1+c2x? (d+ex2)3’/2

+ + -
75d+/ c? x? 75 x2 1/ c? x? 25 x* 4/ c? x?
(d+ex?)®? (a+bArcsec(cx]) bC (8c*d?+23c>de+23e?) xVV1-c?x* Vd+ex® EllipticE[ArcSin(cx], - ]
5d x>

75d\Vc2x2 V-1+2x2 1+ed¢2

b(c?d+e) (8c*d>+19c2de+15e2) xV1-c*x* |1+ ed—xz EllipticF[ArcSin[cx], - =]

c%d

75dvVc2x2 V-1+c2x2 Vd+ex?

Result (type 4, 303 leaves):

1 \Jd+ex? |-15a (d+ex2)2+bc

x (23e’x*+dex? (11+23c?x*) +d* (3+4c*x*+8c*x*)) -15b (d+ex2>2Ar‘cSec[cx} -

75d x° 2 x2
2
ibc [1- ! x |1+ % [czd(8c4d2+23c2de+23e2)EllipticE[JiAr'cSinh[«/—c2 x},—i]—
c? x? d c2d
(8c®d®+27c*d*e+34c*de’+15¢e’) EllipticF[i ArcSinh[+/-c x|, —zi}) /(75\/—c2 d\/l—czx2 \/d+ex2)
c-d

Problem 130: Result unnecessarily involves imaginary or complex numbers.

(d+ex?)*? (a+bArcsec[cx])
J dx

X8

Optimal (type 4, 554 leaves, 13 steps):
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bc (240 c®d® + 528 c*d? e + 193 c2d e? - 247 &3 V-o1+e2x2 Jdrex? bec (120 c*d? +159 c2d e - 37 €?) Vo112 x? Vd+ex?

3675d2/c2x? ' 3675dx2 /2 x? '
bc(30c2d+11e)m(d+ex2)3/2+bcm(d+ex2)5/2_ (d+ex2)5/2 (a+bArcSeclcx]) .
1225d x* /2 x? 49dx6~/cZx2 7dx’
2e (d+ex?)®? (a+bArcSec[cx] ) bc? (240 c®d*+ 528 c*d?e+193 c2de? - 247€*) xV1-c2x? \/d+ex? EllipticE[ArcSin[cx], 7ﬁ}

- +

35d? x°

3675d2 v c2x2 V-1+c2x? 1+ed—x2

2

ex e
2b (c*d+e) (126c®d®+204c*d?e+17c*de’-105€®) x/1-c2x* |1+ EllipticF [ArcSin[cx], - —]| /

c%d

[3675d2\/c2x2 \/—1+c2x2 \/d+ex2

Result (type 4, 383 leaves):

;x/d+ex2 ~105a (5d-2ex?) (d+ex?)”+

3675 d? x’

- x(—247e3’x5+dezx4 (71+193c2x2)+3dzex2 (61+83c*x*+176 c*x*) + 15 d* (5+6c2x2+8c4x4+16c5x6))—
2 x

105b (5d-2ex?) (d+ex2>2Ar'cSec[cx} -

1 e x? e
ibc [1-—— x [1+ c?d (240 c®d’ + 528 c* d’ e + 193 c* d e? - 247 €*) EllipticE[i ArcSinh[+/-c? x|, - ——] -
e x cd
e
2 (120c®d* +324c®d* e+ 221 c* d’ ? - 88 c*d e’ - 105 e*) EllipticF[i ArcSinh[+/-c* x|, - —] /(3675\/—c2 d\1-c2x? \[drex?
c‘d

Problem 131: Result unnecessarily involves higher level functions.

st (a+bArcseclcx]) ;
X

Vd+ex?



5.5 Inverse secant.nb

Optimal (type 3, 321 leaves, 11 steps):
b(19c2d—9e)xx/—1+c2x2 Vdrex2 bxy-1+c?x? (d+ex2)3/2 d?+Vd+ex? (a+bArcSec[cx]) 2d(d+ex2)3/2 (a+bArcseclcx])

+ - +
3 3
120 c3 e? /2 x? 20 ce?/c?2x? e 3e

8bcd5/2xAr‘cTan[@] b (45c*d? - 10 c2d e + 9 e?) x ArcTanh | Yo Llex |

(d+ex?)>? (a+bArcSec[cx]) e e cJaren
. _
5e’ 15 e3+/c2 x2 120 c*e>/2+/c2 x2

Result (type 6, 629 leaves):

e x?

1 1
-||bd - x> | (45c*d?-10c*de+9e?) AppellFl[1, —, =, 2, *x?, - ——|
c2 x2 2 2 d
2 d AppellFi1|2 12, i} AppellF1[2 2,15, 2 i]
(C ppe 12: 2) JCZXZJ_eXZ - @ Appe )2: 2) ,czxz,_exz +
1 1 1 d 1 1 e x2
4 AppellFi[1, —, —, 2, »-——] |(10c*de?x? -9 c?e*x? + c®d® (64d-45ex?)) AppellF1[1, —, =, 2, *x%, - —— | +
2 2 c? x? e x? 2 2 d
1 3 e x? 3 1 e x?
16 c®d? x* | -eAppellF1[2, —, =, 3, c*x?, - —— | + c2d AppellF1[2, =, =, 3, *x?, - —| ]] / [60 e’ (-1+c?x%) \Jd+ex?
2 2 d 2 2 d
, 11 1 d , 1 3 1 1 1 d
[—4c ex? AppellFl|1, =, —, 2, , - ——| +c?dAppellF1[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3, s —})
2 2 c? x? e x? 2 2 c? x? e x? 2 c? x? e x?

1 1 . 5 1 3 , ., ex? 5
4dAppellF1[1, g, g, 2, C° X%, —T} + X —eAppellFl[Z, ;, g, 3, c° x5, —T} +C dAppellFl[Z,

N w

1
J713)CX177
2

1

1
————+Jd+ex? |8ac’®(8d°-4dex’+3e’x?) +be

120 c3 e3

1- X (-9e+c*(13d-6ex?)) +

c2 x?

8bc’ (8d*-4dex?+3e’x*) ArcSec[c x]

Problem 132: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JXB (a+bArcseclcx]) 4
X

Vd+ex?

| 33



34 | 5.5 Inverse secant.nb

Optimal (type 3, 225leaves, 10 steps):
bxV-1+c2x2 V/d+ex2 dvVd+ex? (a+bArcSec[cx])

.
2
6cen/c?x? e

2bcd3/2xAr‘cTan[@] b (3c?d-e) xAr‘cTanh[\E “dectx
Va -1k cfdrext
+

3 e2 C2 X2 6 C2 e3/2

(d+ex?)*? (a+bArcSec[cx])

2
3e C2X2

Result (type 6, 555 leaves):

, 11 , ., ext (., 1 3 1 d 31 1 d
(3c*d-e) AppellFi[1, —, =, 2, *X?, - —| [c dAppellF1[2, =, =, 3, , - ——| -eAppellF1[2, =, —, 3, s —7}) +
2 2 d 2 2 c? x? e x? 2 2 c? x? e x?
1 1 1 d 1 1 e x?
4 AppellFi[1, =, —, 2, »-——] |(?e?x?+c*d (4d-3ex?)) AppellF1[1, =, —, 2, 2 x?, |+
2 2 c? x? e x? 2 2

1 3 e x? 3 1 e x?
c*dx? (—eAppe11F1[2, =, =, 3, cx?, - ——] +c2dAppellF1[2, =, =, 3, 2x?, - —| ]] / 3ce (-1+c?x?) \/d+ex?
2 2 d 2 2 d

s 11 d , 13 1 d 301 1 d
(—4c ex? AppellFl|1, =, =, 2, , - ——| +c2dAppellFi[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3, -—})
2 2 c? x? e x? 2 2 c? x? e x? 2 2 c? x? e x?
1 1 e x? 1 3 e x? 3 1 e x?
[4dAppellF1[1, =, =, 2, cAx%, - ——| +x? |-eAppellF1[2, =, =, 3, c*x*, - ——] + c2dAppellF1[2, =, —, 3, *x?, - —| J) -
2 2 d 2 2 d 2 2 d
Vd+ex? |[4acd+be [1--1 x-2acex?+2bc (2d-ex?) ArcSec[cx]
Cc° X
6 c e?

Problem 133: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx (a+bArcseclcx])
Vd+ex?

dx

Optimal (type 3, 132leaves, 9steps):
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bc \HXArcTan[@} bXAr‘cTanh{\E -1+c?x? ]

Vd+ex? (a+bArcSec[c x}) Vd +1ee %2 c+/drex?
. _
e e c?x? Ve ez x?

Result (type 6, 271 leaves):

1 1 1 3 e-c’ex?
3b(c?d+e) [1- . \Jd+ex? AppellFl|—, - =, 1, —, 2—,17c2x2]/
cx 2 2 2 c‘d+e
1 1 3 e-c?ex? 3 1 5 e-c’ex?
cex (-3 (c*d+e) AppellFl[ =, - =, 1, =, —,1—c2x2]+(—1+c2x2> 2 (c*d+e) AppellFl| =, - =, 2, =, ————, 1-c2x?| -
2 2 2 c?d+e 2 2 2 c2d+e

e-clex?

3 1
eAppellFl] =, =, 1, , 1-c2x?]
2

5
e
2 2 c?d+e

) Vd+ex? (a+bArcSec[cx])
.

e

Problem 139: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcSec[cx]
X

x*/d + e x?
Optimal (type 4, 362leaves, 11 steps):
bc(2c2d75e)\/71+c2x2 Vd+ex? bcvV-1+2x2 Vdrex2 Vd+ex? (a+bArcSec[cx])
+

- +

9d?+/ c? x? 9dx2+/c?x? 3dx?
2e/d+ex? (a+bArcsec(cx]] 7 bc? (2c2d-5e) xV1-c2x? /d+ex? EllipticE[ArcSin[cx], —cfd] )
3d%x

2

9d2/c2x2 /-1+c2x? 1+e:

2b (c?d-3e) (c2d+e) xV1-c2x® |1+ ed—xz EllipticF[ArcSin[cx], - Cfd}

9d2+/c2x2 /-1+c2x2 Vd+ex?

Result (type 4, 249 leaves):
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Vd+ex?

bc [1-- x (d+2c2dx?-5ex?) -3a(d-2ex?) -3b (d-2ex?) ArcSec[c X]

c?x?

9d?x3

2
jbc\/l 21 xJue: [c2d<2c2d—5e> EllipticE[i ArcSinh[+/-c? x|, i]+

7c2d

2 (-c*d*+2c?de+3e?) EllipticF|i ArcSinh[+/-c? x|, 7i}) /(9\/78 dz\/lfczx2 \/d+ex2

c%d

Problem 140: Result unnecessarily involves imaginary or complex numbers.

a+bArcSec[cx]
J dx

x®/d + e x?
Optimal (type 4, 1006 leaves, 32 steps):
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8bce2/-1+c2x2 Jd+ex? 4bce(2c2d+e)\/—1+c2x2 Ad+ex? bc(8c“d2+3c2de—2e2)\/—1+c2x2 d+ex?
15d>/c2 x> 7 45 d3 V2 x? ' 75d3/c2x2 +

bcv-1+c2x2 /drex? 4bce-1+c2x2 \/d+ex? +bc(4c2d+e)\/—1+c2x2 \d+ex?
25d x4 /2 x?2 45 d? x2/ c? x? 75d2x2\/c2 x?

\/m(a+bAr'cSec[cx]) 4e\/m(a+bAr‘cSec[cx}> SeZW(a+bAr‘cSec[cx])

+ — -

_e
cd

J

5dx? 15d% 3 15 d® x
8bc2e?xV1-c2x2 Jd+ex? EllipticE[Ar‘cSin[cx], —%d} 4bc’e (2c2d+e) xV1-c2x2 \Jd+ex? EllipticE[Ar‘cSin[cx], -
C
+
15d3Vc2x? V-1+c?x? 1+edi 45d3/c2x2 V-1+c2x? 1+edi

bc? (8c*d?+3c2de-2e?) xV1-c2x? \/d+ex? EllipticE[ArcSin[cx], - <]

cd

+

75d3Vc2x2 V-1+c2x? 1+edi

bc? (8c?d-e) (c2d+e) xV1-c2x? [1+ edi EllipticF [ArcSin[cx], 7i]

75d2vVc2x2 v/ -1+c2x2 d+ex?

8bc?e (c?d+e) xV1-c?x? |1+ esz EllipticF [ArcSin[cx], —%d} 8be? (c?d+e) xV1-c2x? [1+ esz EllipticF[ArcSin[cx], -
C
.

45d2/c2x2 V-1+c2x% Jdrex? 15d3Vc2x2 V/-1+c2x2 +/d+ex?

Result (type 4, 329 leaves):

| 37
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1
————+/d+ex® |-15a (3d*-4dex*+8e*x*) +
225d3 x°
bc |1- — x (94e®x*-dex? (17+31c*x*) +3d* (3+4c*x*+8c*x*)) -15b (3d*-4dex*+8e”x*) ArcSec[cX] | -
c?x

2
jbc\/l 21 theX [c2d<24c4d2—31c2de+94e2) EllipticE[iArcSinh[+/-c? x], i}—

d 7c2d

(24c®d®-19c*d? e+ 77 c2de? + 120 €3) E1lipticF[i ArcSinh[+/-c? x], —Zi]] /(225J-c2 d#f1-c2x? \[drex
c‘d

Problem 141: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

st (a+bArcseccx]) ;
X

(d+ex2>3/2

Optimal (type 3, 252 leaves, 10 steps):
bxvV-1+c2x2 Vd+ex? d?(a+bArcSeclcx]) 2dvd+ex? (a+bArcSecl[cx])

+

6 c e?/ c? x? e3/d+ex? e’
3 8bcd3/2xAr‘cTan[@] b(9c2d-e) xAr‘cTanh[@}
(d+ex?)** (a+bArcSec[cx]) NV cJdiex?
- +
3ed 363/ cZ x2 6c2e5/2+/c2 %2

Result (type 6, 587 leaves):
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1

bd - x3
c? x?
5 1 1 , , ex? 5 1 3 1 d 3 1 1 d
(9c?d-e) AppellFi[1, —, =, 2, X2, - —| (c dAppellFi1[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3, , _—}) +
2 2 d 2 2 c2x?  ex? 2 2 c2x?  ex?
1 1 1 d 1 1 e x?
4 AppellFi[1, =, —, 2, s -] [(?e®xX?+c*d (16d-9ex?)) AppellF1[1, —, =, 2, > X*, - |+
2 2 c? x? e x? 2 2
1 3 e x? 3 1 e x?
4c*dx? (eAppellFl[Z, =, =, 3, c2x?, - ——| +c2dAppellFi[2, =, =, 3, *x?, - —| JJ / 3ce’ (-1+c?x*) \Jd+ex?
2 2 d 2 2 d
s 1 1 d , 13 1 d 301 1 d
(—4c e x? AppellFi|1, =, —, 2, , - ——| +c?dAppellFi[2, =, =, 3, , - ——| -eAppellF1[2, =, =, 3, , ——})
2 2 c? x? e x? 2 2 c? x? e x? 2 2 2 x? e x?
1 1 e x? 1 3 e x? 3 1 e x?
{4dAppellF1[1, =, =, 2, Ax%, - ——| +x? |-eAppellF1[2, =, =, 3, c*x*, - ——] +c2dAppellF1[2, =, =, 3, *x?, - —| ]J +
2 2 d 2 2 d 2 2 d

-be [1- 7 x(d+ex?)-2ac (8d?+4dex?-e2x*) -2bc (8d2+4dex?-e?x*) ArcSec|[cX]

c? x?

6ce3/d+ex?

Problem 142: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

st (a+bArcseccx]) 4
X

(d+ex2>3/2

Optimal (type 3, 157 leaves, 9steps):
2bcﬁxArcTan[@] bXAr‘cTanh[@}

d (a+bArcSec[cx]) +d+ex? (a+bArcSec[cx]) JT A1 cJdrex?
+ + -
e?~/d+ex? e? e2~c?x? e3/2+/c? x?

Result (type 6, 326 leaves):
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1 1
- 2bcd [1- x3
e(-1+c2x?) Vd+ex? c?x?
) 1 1 1 ) ) 1 d ) 1 3 1 d
—({Zc AppellF1[1, =, =, 2, -—] /(4c ex? AppellFl|1, =, —, 2, , - ——| -c2dAppellFi[2, =, =, 3, s -+
2 2 c? x? e x? 2 c? x? e x? 2 2 c? x? e x?
1 d 1 1 , ., ex? 1 1 , ., ex?
eAppellFi1[2, =, —, 3, -—] ) +AppellF1(1, =, =, 2, X2, - ]/ 4dAppellFl[1, =, =, 2, x*, - ——| +
2 c? x? e x? 2 2 2 2 d
1 3 x2 3 1 e x? 2d+ex?) (a+bArcSec[cx]
x2 —eAppellFl[Z, =, 5, 3, 2%, —7] +c2dAppe11F1[2, =, 5,3, 2%, - ] )] + ( > < >
272 22 d 2 diex?

Problem 143: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx (a+bArcseccx]) 5
X

(d+ex2)3/2

Optimal (type 3, 80leaves, 4 steps):

bchr‘cTan[@]
a+bArcSec[cx] Vd A -1+ x?
evVd+ex? \d e x?
Result (type 6, 190 leaves):
1 1 1 1 d 1 1 1 d
-|]2bc® [1- x® AppellFi(1, =, =, 2, y -] /[(—1+c2x2) \Jd+ex? |ac?ex?AppellFl[1, —, —, 2, ,-—] -
c? x? 2 2 c? x? e x? 2 2 c? x? e x?

B 1 3 1 3 1 d a+bArcSec[cx]
c?dAppellFi[2, =, =, 3, ——, - ——| +eAppellFi[2, =, —, 3, -— ) -
2 2 c2x?  ex? 2 2 c2x?  ex? e/d+ex2

Problem 149: Result unnecessarily involves imaginary or complex numbers.

a+bArcSec[cx]
j dx

x2 (d+ex2)3/2

Optimal (type 4, 274 leaves, 10 steps):
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bcvV-1+c2x2 V/d+ex? a+bArcSec[cx] 2ex (a+bArcSec[cx])

d?+/c?x? dxd+ex? d?2+/d+ e x?
2 2 o2 ex? g ; e
be2x/1-c2x2 \/d+ex? EllipticE[Ar‘cSin[cx}, 7%‘1] b(c d+2e)xx/1—c x> |1+ y ElllptlcF[Ar‘cSm[cx]: —Czd}
c

.
s d2v/c2x2 V-1+c2x% Jdrex?

d2v/c2x2 -1+ c2x2 1+%

Result (type 4, 212leaves):

bc [1--1L x (d+ex?) -a(d+2ex?) -b (d+2ex?) ArcSec[c X]

2 42

Cc° X
d?xVd+ex?
2
ibC\/l— 212 x\/1+ e: [czdEllipticE[J'LAr‘cSinh[x/—c2 x|, —zi] - (c*d+2e) EllipticF[i ArcSinh[+/-c* x], —%] /
ce X ccd c-d

[\/7c2 dz\/l—czx2 \/d+ex2

Problem 150: Result unnecessarily involves imaginary or complex numbers.

Ja +b ArcSec[c x]
X

x4 <d+ex2)3/2

Optimal (type 4, 701 leaves, 25 steps):
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2bc(c?d-e)V-1+c2x? VJdrex? 4bceV-1+c*x2 Vd+ex2 bcV-1+c*x2 Vd+ex? a+bArcSec(cx]
- +

- +

9d3+/c?x? 3d3+/c?2x? 9.d? x2+/c?x? 3dx3+/d+ex?
+ _
3d?2x+d+ex? 3d3Vd+ex?

o Veixt Vo 1i e 1422

cd

2 2 2 o2 ex? soas ; -
abcexVi-cIx@ Vdiexd E1lipticE[ArcSin(cx], - ] bc? (2c?2d-e) xV1-c*x* [1+ y EllipticF[ArcSin[cx], —czd]
+

9d2V/c2x2 V/-1+c2x2 Jd+ex?

3d3Ve2x2 V/-1+c2x? 1+ETXZ

4bc?ex1-c?x? llJred—"2 EllipticF [ArcSin[cx], —Zid} 8be?x1-c?x? ,1+edi EllipticF [ArcSin[cx], —%d]
C C

3d2/c2x2 V-1+c2x?2 \/drex? 3d3Ve2x? V-1+c2x?2 /drex?

Result (type 4, 292 leaves):
1

9d3x3/d+ex?

-3a(d®-4dex*-8e’x*) +bc X (-14e*x*+dex® (-13+2c*x*) +d* (1+2c*x?*)) -3b (d*-4dex®-8e®x*) ArcSec[cx] | -

2
ibc [1- ! x |1+ X [Zczd(czd—7e) EllipticE[i ArcSinh |4/ -c? x],—i]+
c? x? d c2d
(-2c*d?+13c*de+24e?) E1lipticF|i ArcSinh[+/-c? x], —Zi] /(9\/—c2 di‘\/l—czx2 \/d+ex2
c-d

Problem 151: Result unnecessarily involves higher level functions.

st (a+bArcseclcx]) 4
X

(d+ex2>5/2

Optimal (type 3, 244 leaves, 10 steps):



bcdx/-1+c?x2 d? (a+bArcSec[cx]) 2d (a+bArcSec[cx])
- - + +
3e? (c2d+e) Vc2x? Vd+ex? 3¢’ (d+ex?)’? e3/d+ex2
8chxArcTan{@} ber*cTanh[@ “Lectx? ]
Vd+ex? (a+bArcSeclcx]) NERV TS cJdex
+
e’ 3e3+/c? x? e’/2+/c?x?
Result (type 6, 417 leaves):
1 , 11 1
2, , —})/ (4c e x?AppellF1[1, =, =, 2,
c2x?  ex? 2 2 c?2x?  ex?
1 d

+|-bcde x(d+ex2)+a(c2d+e> (8d2+12dex2+3e2x4)+
c? x?

b(c*d+e) (8d*+12dex®+3e®x*) ArcSec[cx] /(3e3 (cd+e) (d+ex2)3/2)

Problem 152: Result unnecessarily involves higher level functions.
JXS (a+bArcseccx])

(d+ex2>5/2

dx

Optimal (type 3, 163 leaves, 7 steps):

2bchr‘cTan[@
bex/-1+c?x? d (a+bArcSec[cx]) a+bArcSec[cx] NERyEwa
. - _
3e (c2d+e) V2x? Vd+ex? 3e? (d+ex?)®? e2/d+ex? 3+/d e2+/c2x?

Result (type 6, 269 leaves):

5.5 Inverse secant.nb

3 X 3 1 e x?
» =53, 2x?, - ——] +c2dAppellF1[2, =, =, 3, *x?, - —]
2 d 2

d

| 43
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4bc® |1- x3 AppellF1[1,

N |

1 1 d
y 2) y - ] /
2 c? x? e x?

s 1 1 1 d 5 1 3 1
[4c e x? AppellF1[1, =, =, 2, , - ——| - c?dAppellFi[2, =, =, 3, s
22 c? x? e x2 2 2 c? x?

c2 x?

bce |1--1 x (d+ex?) -a(c*d+e) (2d+3ex?) -b (c2d+e) (2d+3ex?) ArcSec[c
c

X

3e (-1+c?x%) yJd+ex?

e x2

X]

3e? (c2d+e) (d+ex2)3/2

Problem 153: Result unnecessarily involves higher level functions.

Jx (a+bArcseclcx]) 5
X

<d +e Xz) 5/2

Optimal (type 3, 138 leaves, 5steps):

bchr‘cTan[@}
bcxV-1+c?x? a+bArcSec[cx] Vd A -1:c2 %2
3d<c2d+e) Ve x?2 d+ex? 3<E(CI+<EX2)3/2 3d32e+/c?x?

Result (type 6, 255 leaves):

2bc® [1-

1
x> AppellF1[1, -,
c? x? 2

1

1
[4 c? e x? AppellFi|1, g, , 3,

N |

c22

d 5 1
, 2, , - ——] - c2dAppellF1[2, —,
X e x2 2

N W

c? x?

~ad (c?d+e)-bce [1- 3 x(d+ex?) -bd (c?d+e) ArcSec[cX]

ce X

3de (c2d+e) (d+ex2)3/2

i 22 e(j(z] /[3d(—1+c2x2)«/d+ex2

d
s — 72} + e AppellF1l [2,

ex

Problem 159: Result unnecessarily involves imaginary or complex numbers.

a+bArcSec[cx]
J dx

(d+ex2)5/2

d 3 1
- ——] +eAppellF1[2, =, -, 3,
2

2
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Optimal (type 4, 296 leaves, 10 steps):

bcex?2V-1+c2x2 x(a+bAr‘cSec[cx]) 2x(a+bAr‘cSec[cx])
+ + -
3d? (c2d+e) Ve2x2 Vdrex? 3d (d+ex?)?? 3d2+/d+ex?
A/ 2 o2 ex? St ; e
be2xvV1-c2x2 \/d+ex? EllipticE[ArcSin[cx},f%d] 2bxV1-cix NER E111pt1cF[Ar‘c51n[cx],—ch]
c

3d2/c2x?2 V-1+c2x? \/drex?
3d? (c2d+e)Vc2x? V-1+c2x? 1+edl

Result (type 4, 248 leaves):

x|bce [1--L X (d+ex?) +a(c*d+e) (3d+2ex?) +b (c*d+e) (3d+2ex?) ArcSec[c X]

c? x?

3d? (c2d+e) (d+ex2)3’/2

2
jbc\/l ! x\/1+ e: [cszllipticE[j ArcSinh[+/-c? x|, © | +2 (c*d+e) EllipticF|i ArcSinh[+/-c? x], —i]

c? x? c%d c%d

(Bxl—cz d* (c*d+e) \/1—c2x2 \/d+ex2

/

Problem 160: Result unnecessarily involves imaginary or complex numbers.

a+bArcSec[cx]
J dx

x2 <d+ex2)5/2

Optimal (type 4, 631 leaves, 26 steps):
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bcev-1+c2x? 4bce?x?/-1+c?2x?
- +
d? (c2d+e) ve2x? \/d+ex? 3d3 (c2d+e) V2 x2 /d+ex?

bc(c2d+2e)\/—1+c2x2 Vd+ex? asbArcSec[cx] 4ex (a+bArcSec[cx]) 8ex (a+bArcSeclcx])
- - - +

d® (c?d+e) V2 x? dx(d+ex2)3/2 3d? (d+ex2)3/2 3d3\/d+ex?
4bc?ex1-c2x2 \/d+ex? EllipticE[ArcSin[cx], - fd] bc? (c2d+2e)xV1-c2x? +/d+ex? EllipticE[ArcSin[cx], - fd]
S [
3d° (2d+e) Ve2x® -1+ c2x 1+ediz d® (c2d+e) Vc2x® -1+ c2x? 1+edi
bc2xV1i-c2x2 /1+edi EllipticF [ArcSin[cx], - 5] 8bex1-c2x? /1+'~‘d—xz EllipticF [ArcSin[cx], - =5 ]
C C
+
d2V/c2x2 V-1+c2x? \/d+ex? 3d3Vc2x2 V-1+c2x2 Vd+ex?

Result (type 4, 323 leaves):

—a(c2d+e) (3d2+12dex2+8e2x4)+bc 1—(:21)(2 x(d+ex2) (3c2d (d+ex2)+e(3d+2ex2))—

b(c*d+e) (3d*+12dex®+8e?x*) ArcSec[c x] /(Bd3 <c2d+e)x(d+ex2)3/2>—

2
ibc\/l— ! x\/1+e: [c2d<3c2d+2e) EllipticE[i ArcSinh[+/-c? x|, i]—

c? x? c%d

(3c*d*+11c*de+8e?) E1lipticF|i ArcSinh[+/-c? x], —Zi]
c-d

/(3\/?& (c?d+e) \/l—czx2 \/d+ex2)

Test results for the 50 problems in "5.5.2 Inverse secant functions.m"

Problem 14: Result more than twice size of optimal antiderivative.

ArcSec|? ]
Jix dx
2

Optimal (type 3, 31leaves, 5steps):



5.5 Inverse secant.nb | 47

a

Ar‘cCos[i] Ar‘cTanh[ 1_%}

- +
X a

Result (type 3, 93 leaves):

[-1+% x|-Log[1- —*—] +Log[1+ —=—]
ArcSec| 2] [-1.2 [ 1%

- +
X

Problem 17: Result unnecessarily involves higher level functions.
JAr‘cSec [ax"]

X

dx

Optimal (type 4, 69 leaves, 7 steps):

i ArcSec[a x"] 2 ArcSec[ax"] Log [1 + erArcSec[a x"] } i PolylLog [2, _GZJiAr'cSec[a x"] ]
- +

2n n 2n
Result (type 5, 60 leaves):

XN Hyper‘geometr‘icPFQ[{i, i, i}, {3 %}, X

-n

+ Ar‘cSec[ax”] +ArcSin[L} Log[x]
an a

Problem 22: Result more than twice size of optimal antiderivative.

JAr‘cSec [a+bx] dx

Optimal (type 3, 37 leaves, 5 steps):

ArcTanh| [1- — — |

(a+bx) ArcSec[a +bx] (a+bx)?
b b
Result (type 3, 121 leaves):
(a+bx) [L222bxbhl g ppcTan[———2———] +Log[a+bx+V-1+a’+2abx+b?x |
(a+bx) £/ -1+a?+2 a b x+b? x?

X ArcSec[a+bx] -

bvV-1+a2+2abx+b?x?
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Problem 24: Result unnecessarily involves imaginary or complex numbers.

ArcSec[a + b x]
J— dx

X2

Optimal (type 3, 70leaves, 5steps):
[mTan[%ArcSec[amx]l ]

bArcSec[a+bx] ArcSec[a+bX] 2bArcTan —

- - +
: x aVi_a?
Result (type 3, 112leaves):
) a(-1:a2:ab
i Log[ e
b |ArcSin|[ ——] -
a+b x

ArcSec[a+ b x]

- +
X a

Problem 25: Result unnecessarily involves imaginary or complex numbers.

dx

JAr'cSec [a+bx]
3

X

Optimal (type 3, 125leaves, 7 steps):

b (a+bx 1_ 1 - ) ) 1+a TanBAr‘cSec[amx]}

( ) (a+bx)* b2 ArcSec[a+bx] ArcSec[a+bXx] <1 2a ) b ArcTan[ Jia ]

+ _ _
2a (1-a?)x 2 a2 2 x2 a? (1—a2)3/2
Result (type 3, 198 leaves):
4 (-1+2) a? (1+a) [7;1 (-1+a%+abx) (asbx) ~1+a?+2abx+b? x? ]
-1+a%+2 abx+b? x? , Jiaz (avbx)?

1 bx (a+bx) (asbx)? b x? Arcsin[ ——] & (-1+2a?) b x? Log| (thaz)bzx ]
- +ArcSec[a+bx] + a0x

2 x2 a(-1+a?) a2 a2 (1—a2)3’/2

Problem 26: Result unnecessarily involves imaginary or complex numbers.

ArcSec[a + b x]
J— dx

x4
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Optimal (type 3, 181 leaves, 8steps):

b(arbx) [1- 1 (2-5a%) b2 (a+bx) [1- 1

(a+b x)? (a+bx)?

6a (1-a?) x? 6 a2 (1—a2)2x

l+a TanP—Ar‘cSec[aerx]w
_ 532 4\ p3 v ,
b* ArcSec[a+bx] ArcSec[a+b x] (2-5a+6a*) b>ArcTan| ]
- +
3a’° 3x3 3a% (1-a2)%2

1-a

Result (type 3, 241 leaves):

b -1+a?+2abx+b? x?

1 (a+bx)2 (34+abX*433bX+2b2x2732 <1+5b2x2))

6 a? (71+a2)2x2

12 a3 (71+a2>2 [n (-1+a%+abx) +(a+bx) 71+a7(+zabb>xz+b2 x? ]
3 . 1 : _ £ 42 4\ K3 Jaia? il
2ArcSec[a+bx] 2P Ar‘cSm[amx] i(2-5a%+6a) b’ Log| (2-5a2+6a%) b* ]

x3 i a3 N a3 <1_a2)5/2

Problem 27: Result more than twice size of optimal antiderivative.

Jx3 ArcSec[a +bx]?dx

Optimal (type 4, 381 leaves, 20 steps):
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B 1 2 _ 1
. (a+bx)2 (a+bx) [1 e ArcSec[a+bx] 3a’(a+bx) |1 v ArcSec[a + b X]
- — - - +
b3 12 b* 3 b4 b4
a(a+bx)2 1- —1 ArcSec[a + b x] (a+bx)3 1- —1 ArcSec[a + b x]
(atbx)® (atbx)® a% ArcSec[a + b x]?2
- - + = x*ArcSec[a+bx]?-
b* 6 b* 4p* 4
2iaArcSec[a+bx] ArcTan|etAreseclabxl | 4 a3 ArcSec[a + b x] ArcTan[eAreseciasbXl || 6a713 . hx] 3a2Llogla+bx]
- + + +
b4 b4 3 b4 b
ia PolyLog[Z, _j elArcSec[a+bx] } 21 al PolyLog{Z, _j elArcSecla+bx] ] ia PolyLog {2) i @l ArcSec[a+bx] } 21 a3 PolyLog {2) i @l ArcSec[a+bx] }
b ' b ) b i b

Result (type 4, 1141 leaves):

1 |ab3®x® (2+ArcSec[a+bx]?+2a?ArcSec[a+bx]?) (*i*?’az) b* x3 Log|[ —— |

f— _ a+bx
4 3 3
b 2(a+bx)3(—1+aix) (a+bx>3(—1+aix>
1 <737283> b3 x3 zfAr‘CSEC[a+bx} (Log[l—ej‘ (%—ArcSec[a+bx])] 7L0g[1+ej (%—Ar‘cSec[a»fbx])}) B
(a+bx)? (—1+aj‘)x)3 2

1 1 (7
~ s Log|Tan| = [——Ar‘cSec[a+bx]
2

] } vi (PolyLog [2) _ei (Z——Ar‘cSec[a+bx]) ] ~Polylog [2, e]i (%fAr‘cSec[amx]) ] ] ) B
2 \2

b3 x3 ArcSec[a + b x]?

+
4

16 (a+bx)> (—1+ )3 (Cos[%Ar‘cSec[a+bx]} —Sin[%Ar‘cSec[aerx]])

a+b x

(b*x* (-2 +2ArcSec[a+bx] -24aArcSec[a+bx] —3Ar‘cSec[a+bx]2+12aAr‘cSec[a+bx}2—36a2Ar‘cSec[a+bx}2))/

|

a

1 1
Cos[fAr‘cSec[aerx]] —Sin[;ArcSec[a +bx}]
2

b3 x3 ArcSec[a + b x]?

{48 (a+bx)? (71+

a+bx

+
4

16 (a+bx)> (—1+ R )3 (Cos[iAr‘cSec[a+bx]} +Sin[iAr‘cSec[a+bx]])

a+b x

(b*x* (-2-2ArcSec[a+bx] +24aArcSec[a+bx] 73Ar'cSec[a+bx]2+12aAr‘cSec[a+bx}2736a2Ar‘cSec[a+bx}2>)/

3

b3 x3 (Ar‘cSec[a+bx] Sin[iAr‘cSec[anbx]] —6aAr‘cSec[a+bx]ZSin[iArcSec[a+bx]])

3
-1+

1 1
Cos|~ArcSec[a+bx]| +Sin| = ArcSec[a+bx] |

48 (a+bx)3
{<+X> 2 2

a+bx

+
3

12 (a+bx)? (—1+ 2 )3 (Cos[%Ar‘cSec[aerx}] +Sin[%Ar‘cSec[a+bx}])

a+b x
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b3 x3 (Ar‘cSec[a+bx] Sin[iAr‘cSec[a+bx]] +6aAr‘cSec[a+bx]ZSin[iAr‘cSec[a+bx]])

+
3

12 (a+bx)? (—1+ a )3 (Cos[%Ar‘cSec[aerx}] —Sin[%Ar‘cSec[a+bx}])

a+b x

1 1 1
(b3x3 -6aSin[~ArcSec[a+bx]]| +2ArcSec[a+bx] Sin| = ArcSec[a+bx] | +18a%ArcSec[a+bx] Sin[ = ArcSec[a+bx]] -
2 2
2 cs 1 3 2 cs 1
3aArcSec[a+bx]2Sin[ =~ ArcSec[a+bx]]| - 6a®ArcSec[a+bx]?Sin[ ~ ArcSec[a+bx] | /
2 2
; a 3 1 o1
(6(a+bx) 1+ Cos |~ ArcSec[a+bx]] +Sin[ = ArcSec[a+bx] | ]+
a+bx 2 2
b3 x3

1 1 1
6aSin[*Ar‘cSec[a+bx]} +2ArcSec[a+bx] Sin[fAr‘cSec[a+bx]] +18 a% ArcSec[a + b x] Sin[fAr‘cSec[aerx}] +
2 2

/

1 1
3aArcSec[a+bx]2Sin[ = ArcSec[a+bx]| +6a®ArcSec[a+bx]?Sin|[ ~ ArcSec[a+bx] |
2 2

a 3

3 1 o1
(6 (a+bx) (—1+ Cos |~ ArcSec[a+bx]] -Sin[ = ArcSec[a+bx] |

2 2

a+bx

Problem 31: Result more than twice size of optimal antiderivative.

ArcSec[a +bx]?
J dx

X

Optimal (type 4, 310leaves, 17 steps):

1 ArcSec[a+b x]

ae a e]‘l ArcSec[a+b x] )
ArcSec[a+bx]?Log[1- ———————] +ArcSec[a+bx]?Log[1- —————————] - ArcSec[a+bx]? Log[1 + g?*Arcseclarbx] | _
1-+/1-a? 1++V1-2a2
ae]’lAr‘cSec[a+bx] a(ejAr‘cSec[a+bx]
2 i ArcSec[a + b x] PolyLog[Z, —] -2 1 ArcSec[a+bx] PolyLog[Z, —] +
1-+v1-2a2 1++/1- a2

i ArcSec[a+b x] 1 ArcSec[a+b x] ‘
—} +2 PolylLog [3, —] - — Polylog [3, _ @2 iArcSec[a+bx] }
1-V1-a2 1+/1- a2 2

ae ae

i ArcSec[a +bx] Polylog[2, -e?!Areseclasbxl ], 3 polylog|3,

Result (type 4, 813 leaves):

| 51
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3 @l Arcsec[a+b x] ~1+vV1-2a? ) el Arcsec[a+bx]
—] +ArcSec[a+bx]? Log[1 +
— az a

ArcSec[a+bx]?Log|1

] -

1+ q/1 _ a2 ) e]‘lAr‘cSec[a+bx]

a

4 ArcSec[a +bx] Ar‘c51n Log

|+
3 i Arcsec[a+bx] (1 . W) el Arcsec(a+b x]

ArcSec[a+bx]?Log[1l- ——————| +ArcSec[a+bx]?Log[1-

1++/1-a? a

<‘

]+

a <1+4/1_az ) @i Arcsec[a+bx]
7] Log[l—
V2 a

| -2ArcSec[a+bx]?Log[1+e? tArcseclarox] ],

a+b x (a+bx)?

(1+W)[ L3 11)

ArcSec[a+bx]? Log]| | -Arcsec[a+bx]?Log[1+

a+bx a

|+

~1+a (1+\/ﬁ)[ L ovi [1-—2— ]

a+b x (a+bx)?
| Log|[1+

4 ArcSec[a+bx] ArcSin|

ArcSec[a+bx]?Log[1-

a (e]i ArcSec[a+b x]

+\/1a2)[ 1 i 11]
a+bx (a+bx)?
| Log[1 | -21iArcSec[a+bx] PolyLog[2, - ——————
\/— a -1++v1-a?

1 ArcSec[a+b x]

| +1iArcSec[a+bx] PolyLog|2,

4 ArcSec[a + b x] Ar‘c51n

ae

1++1-a?

2 i ArcSec[a+bx] PolyLog[ @2 i Arcseca+bx] ]

+

1 ArcSec[a+b x] i ArcSec[a+b x]

ae ae

] + 2 Polylog [3, ] _ l PolyLog{ @2 i Arcsec[a+bx] ]

“1+4/1-22 1++/1-2a2 2

2 Polylog|3, -

Problem 32: Result more than twice size of optimal antiderivative.

dx

JAr‘cSec [a+bx]?
2

X
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Optimal (type 4, 244 leaves, 12 steps):

iArcSec|a+bx

2ibArcSec[a+bx] Log[1- 2=

bArcSec[a+bx]? ArcSec[a+bx]? 1-4/1-22
- - - +
a X aVvi1-a?
X i Arcsec[a+b x| a el Arcsec[asbx] 3 el Arcsec[atbx]

2ibArcSeca+bx] Log[1l- 221 2 ppolylog[2, 25" ]  2ppolylog[2, 2Pt

[ 144/ 1-a? ] [ ’ 1-+/1-a% ] [ ’ 1++/1-a% }
- +
av1-a? av1-a? av/1-a?

Result (type 4, 686 leaves):
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1| (a+bx) ArcSec[a+bx]?
-— +
a X

-1+a) Cot[%Ar‘cSec[aerx]] 1+a) Tan[%Ar‘cSec[aerx}]

2b |2ArcSec[a+bx] ArcTanh| | - 2ArcCos | l] ArcTanh |

- - ]+
V-1+a? V-1+a?2 a V-1+a?

1 (-1+a) Cot|>ArcSec[a+bx] |
. 2 .
ArcCos | ~] - 2 i ArcTanh| | +21iArcTanh]|

a V-1+a? V-1+a?

(1+a) Tan[%Ar‘cSec[aerx]] }J

m e—%iAr‘cSec[a+bx] 1
Log| | + |ArcCos| =] +
a
V2 +a _bx
a+b x

-1+a) Cot[LArcSec[a+bx] 1+a) Tan[ L ArcSec[a + b x] N 2 _>iArcSec[a+bx]
21 Ar‘cTanh[< ) [2 H—ArcTanh[( ) [2 H Log | 1ra® e ] -
A/ — 2 ~/ 2
1+a 1+a \/?\/; 7;:%
1 (1+a) Tan[ 2 ArcSec[a+bx] | (-1+a) (11+11a+\/—1+a2) (—j+Tan[lAr‘cSec[a+bx]H
ArcCos [ f] -2 i ArcTanh [ 2 } Log[ 2 ] -
a V-1+a2 a(71+a+\/71+a2 Tan[iAr‘cSec[a+bx}])
1 (1+a)Tan[lAr‘cSec[a+bx]] -1+a) (—1—1’1a+\/—1+a2) (1‘1+Tan[lAr‘cSec[a+bx]”
ArcCos| =] + 2 i ArcTanh| 2 || Log| 2 +
a V-1+a2 a(71+a+\/71+a2 Tan[iAr‘cSec[a+bx}])

(1—1‘1\/—1+a2) (1—a+\/—1+a2 Tan[%Ar‘cSec[a+bx]})

i [-PolyLog|[2, ] +
a(—1+a+\/—1+a2 Tan[%Ar‘cSec[a+bx}])
(1+1‘1\/—1+a2) (1—a+\/—1+a2 Tan[lAr‘cSec[a+bx]”
Polylog|2, 2 ]
a(—1+a+\/—1+a2 Tan[%Ar‘cSec[a+bx]})
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Problem 33: Unable to integrate problem.

sz ArcSec[a+bx]3dx

Optimal (type 4, 494 leaves, 25 steps):

3a(a+bx) [1-—1— ArcSec[a+bx]?
(a+bx) ArcSec[a+bx] 3iaArcSec[a+bx]2 (a+bx)
b3 N b3 * b3 -
b x)?2 1 2
(a+bx) 1- - ArcSec[a+bx] . 5 Arcsec lash
(a+bx) a?ArcSec[a+bx]3 i ArcSec[a+bx]2ArcTan el Arcsecia-bx] |
+ + = x3ArcSec[a+bx]3+ +
2b3 3b3 3 b3

ArcTanh| [1- —1— ]

6 i a2 ArcSec[a+ b x]2 ArcTan [e! Arcsecia:bx] | (a+bx)? 6aArcSec[a+bx] Log[1+e?iArcsecla:bx] ]

— + —

b3 b3 b3

i ArcSec[a+bx] Polylog[2, -i elArcseclasbx] | 6 a2 ArcSec[a +b x] Polylog|2, - i etArcsec(arbx] |
b3 b3
i ArcSec[a+bx] PolylLog|[2, i eiArcseciarbxl] 63 a2 ArcSec[a+bx] Polylog[2, i etArcseciabXl] 34 aPolylog[2, -e?!Arcsec(arbx] ]
N _
b3 b3 b3
PolyLog {3’ _i et ArcSec [a+b x] ] 6 a2 PolyLog [3, _i et ArcSec[a+b x] } PolyLog {3’ i el ArcSec[a+b x] } 6 a2 PolyLog {3) i el ArcSec[a+b x] }
+

+

+

b3 b3 b3 b3
Result (type 8, 14 leaves):

sz ArcSec[a +bx]3dx

Problem 36: Result more than twice size of optimal antiderivative.

ArcSec[a+bx]3
J dx

X

Optimal (type 4, 430leaves, 20 steps):
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a e]’l ArcSec[a+b x] a e]‘lAr‘cSec[a+bx]

———————] +ArcSec[a+bx]?Log[1-
1-+/1-a2 1++vV1-a?
1 ArcSec[a+b x] ae]‘lAr‘cSec[amx]
| -31iArcSec[a+bx]?Polylog|[2, —————| +
1-vV1-a? 1++/1-a2
3 ) aeiAr‘cSec[a+bx]
S i ArcSec[a+bx]?PolylLog[2, -e?iAreseclasbx] ], g ApcSec(a + bx] Polylog[3, ————— | +

1-+/1-2a2

ArcSec[a+bx]Log[1 - | -Arcsec[a+bx]3®Log[1+e?tArcseclasbx]] _

. 5 ae
3 i ArcSec[a+bx]2 PolyLog|2,

a (e]i ArcSec[a+b x] 3 5 Arcs b
6 ArcSec[a + b x] PolyLog[3, — | - = ArcSec[a + b x] Polylog|3, -e?*Arcseclabx]]
1++/1-a? 2
a e]’l ArcSec [a+b x] a eJ‘L ArcSec [a+b x] 3 )
6 i PolylLog[4, — | +6iPolylog[4, — | - = i Polylog[4, -e?*Arcseclasbx] ]

1-+/1-a? 1++v/1-a? 4
Result (type 4, 1058 leaves):
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3 @l Arcsecla+bx] ~—1++vV1-2a? ) el Arcsec[a+bx]
——————| +ArcSec[a+bx]?Log[1+

-1++V1-2a? a

2 ArcSec[a+bx]?Log[1+

} _

-1+a
a (—1 +V1-2a2 ) el Arcseclatbx] a el Arcsecla+bx]

6 ArcSec[a +bx]?ArcSin[ ——] Log[1 + +2ArcSecfa+bx]?Log[1l- ————] +

V2 a 1++/1-a2

-1+
(1+4/1_a2 ) ejAr‘cSec[a+bx] N aa (1+4/1_az ) e]‘lAr‘cSec[amx]
ArcSec[a+bx]®Log[1 - | +6ArcSec[a+bx]2ArcSin| ——| Log|[1 - |-
a 2 a
2[ L o,i J1-—2 J
a+b x (a+bx)?

3ArcSec[a+bx]? Log[1+e? Areseclabxl] 4 g ArcSec[a+bx]? Log|
a+bx

a+b x (a+bx)?

(1+\/ﬁ)[1 i 1o —2 ]

a[ R 1 [1- 1 ]
a+b x (a+bx)?
| -ArcSecla+bx]?Log[1+

-1++/1-2a? a

| z1+a
a
———] Log[1+

\/? a

ArcSec[a+bx]?Log[1+

(-1+W)( Loy 1-4]

a+b x (a+b x)?

6 ArcSec[a + b x]? ArcSin|

a[ L 11]
a+b x (a+bx)?
| -ArcSecla+bx]?Log|1-

1+V1-a2 a

-1+a
a

ArcSec[a+bx]?Log[1-

a+b x (a+bx)? i ArcSec[a+b x]

(1+W)[1+1 1-—1 J

ae
6 ArcSec[a + b x]? ArcSin| | Log[1- | -31iArcSec[a+bx]?Polylog[2, -——] -
V2 a ~1+4/1-a2
ae]‘LAr‘cSec[a+bx] 3 i
3 i ArcSec[a+bx]?Polylog[2, ———————| + — i ArcSec[a+bx]?PolylLog[2, -e?tArcseclarbx] ]
1++/1-2a2 2

1 ArcSec[a+b x] a e]’l ArcSec[a+b x]

—————| +6ArcSec[a+bx] Polylog[3, ————————] - = ArcSec[a+bx] PolylLog[3, -e? Arcseclarbx] |,
~1++/1-a? 1++/1-2a2 2

a (e]i ArcSec[a+b x]

ae
6 ArcSec[a + bx] Polylog[3, -

i ArcSec[a+b x] 3 ‘
] +61 Po]_yLog [4, _ i PolyLog [4’ 7621Arc5ec[a+b x] }

“1+4/1-2a? 1+/1- a2 4

ae
6 i PolylLog [4, -
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Problem 37: Result more than twice size of optimal antiderivative.

dx

JAr‘cSec [a+bx]3
2

X

Optimal (type 4, 362 leaves, 14 steps):

3 el Arcsec[a+bx] }

1-4/1-a%

bArcSec[a+bx]® ArcSec[a+bx]3
- - - +

a X av1-a?

3 @i Arcsec[asbx] ]

3ibArcSec[a+bx]2?Log[1-

3 et Arcsec[a+bx] ]

3ibArcSec[a+bx]2Log[l- 6 b ArcSec[a + b x] PolylLog|2,

14/ 1-a2 1-+/1-a2

avi-a? avil-a?

i Arcsec[a+bx]| ]

i ArcSec [a+b x| } a eiAr‘cSec[a-be

6 b ArcSec[a+bx] PolylLog|[2, 2¢ 6 i bPolylLog|3, 2¢ 6 i bPolyLog|3,

1+4/1-a% 1-+/1-a2 1+4/1-a%
avi-a? avi-a? avi-a?

Result (type 4, 1664 leaves):

1
-—————|a\/-1+a% ArcSec[a+bx]3>++/-1+a? bxArcSec[a+bx]3+

a"/-1+a? x
\/72 —ArcTanh{M}
6ber‘cCos{—l}ArcSec[a+bX] Log{ -1+a% e 1ea ] )
i 1
V2 va |1+acosh[2ArcTanh| 22 Tan| } Arcsec [a+bx |
| e
\/72 —ArcTanh{M]
12 b xArcSec[a +bx] Ar‘cTan[Cot[lAr‘cSec[aerx}H Log[ -l+a“ e 1a ] )

2

(1+a) Tan[%Ar‘cSec[amx]] } ]

A/ -1+a?

V2 a 1+aCosh[2Ar‘cTanh[
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{ (1+a) Tan[iArcSec[a-be ]

-ArcTanh
_ 2 .
12 b x ArcSec[a + b x] Ar‘cTan[Tan[lAr‘cSec[aerX}H Log | V-1+a? e . .
2
1
V2 vJa |1+acCosh[2ArcTanh (1+a) Tan| > Arcsec (ab x| |
| G
- Ve
6ber‘cCos[—1}ArcSec[a+bx] Log | 1+a% e : I
i 1
2 \/a |1+aCosh[2ArcTanh (1-a) Tan| > Arcsec[a-bx] |
[ [ e ]
(1+a) Tan[* Arcsec[a+bx] ]
W ArcTanh{#}
12 b x ArcSec[a + b x] ArCTan[COt[EAr‘cSec[a+bX}H Log[ 1+ e ] 7
2

1
V2 vJa |1+acCosh[2ArcTanh (1+a) Tan| > Arcsec (a+bx] |
[ [

(1+a) Tan[* Arcsec[a+bx] ]
ArcTanh [ 2—}

V-1+a% e V-Lea?

12 bxArcSec[a +bx] ArcTan|Tan| 1 ArcSecla+bx] || Log|
2

] -

1
\/? \/; 1+ acCosh [ZAr‘cTanh[ (1+a) Tan[;Ar‘cSec[a+bx]w } ]

4/ -1+a?

<_1 + aZ) _ b x
(-1+a) (1+a+bx)

Va |- dkeEd) @b (\/—1+a2 +(1+a) Tan[iArcSec[a+bx]])

b x

6 bx ArcCos |- l} ArcSec[a+bx] Log]|
a

} _

(_1 4 aZ) _ b x
(-1+a) (l+a+bx)

Va [ -{tet) @bx (\/—1+a2 +(1+a) Tan[%Ar‘cSec[a+bx}])

b x

12 bx ArcSec[a + b x] ArcTan|Cot | 1 ArcSec[a+bx]]] Log|
2

} .
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(_1 + a2> _ bx
(-1+a) (1+a+bx)

Va [ -{tet) @by (\/71+a2 +(1+a) Tan[iAr‘cSec[aerx}])

b x

} _

12 b x ArcSec[a +bx] ArcTan|Tan| 1 ArcSec[a+bx]]] Log|
2

\/—1+a2 (1+a) Tan] Ar‘cSec[a+bx}]

1
6 b x ArcCos |- —| ArcSec[a +bx] Log| ]+

a
2 \/‘7 -1+a%) (a+bx)

-1+a) 1+a+bx)

1 \/71+a2 (1+a) Tan| Ar‘cSec [a+bx] |
12 bxArcSec[a +bx] ArcTan[Cot [~ ArcSec[a+bx] ||

Log
2 (3 -1+a?) b
+a (a+b x)
2 \/ -1+a) (l+a+bx)

\/—1+a2 (1+a) Tan| Ar‘cSec[a+bx]}

LOg
1+a (a+b x)
2+a |-
\/ -1+a) (l+a+bx)

. (1+a) Tan{LArcSec[mb x]}
(—1+a—1\/—1+a2)[—1+ 2 J
\/71+az ]
+

a+iaTan[%Ar‘cSec[a+bx]}

} -

1
12 b x ArcSec[a +bx] ArcTan|Tan|[ = ArcSec[a+bx] ||
2

3bxArcSec[a+bx]?Log|-

1
(—1+a+i m) (1+ (1+a) TanhArcSec a+b x] ]J
A/ -1+a?

3bxArcSec[a+bx]?Log|
a+jaTan[§Ar‘cSec [a+bx]]

]+6]’1ber'cSec[a+bx]

(1—1@)[ L 1o —1—

a+b x (a+bx)?

(1+J'1\/—1+az)[ -1 - J
a+b x (a+bx)?

PolyLog[Z, } -61bxArcSec[a+bXx] PolyLog[Z,

a+b x (a+bx)?

(1+1’1\/1+a2)[ R R g

6 b x Polylog|3, | -6bxPolyLog|3,

a a
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Problem 38: Result more than twice size of optimal antiderivative.

Jx (a+bArcsec|c+dx?]) dx

Optimal (type 3, 58 leaves, 7 steps):

bArcTanh| [1- —*— ]
ax? b (c+dx?) ArcSec|c+dx?] (crdx?)
N _
2 2d 2d
Result (type 3, 154 leaves):
b (c+dx?) M (cAr‘cTan[ 1 | +Loglc+dx?++/-1+c2+2cdx?+d*x* |
ax? (crdx?) Jaic2cdxd xt

+ 1 bx?ArcSec|c+dx?| -
2

2 2dv-1+c2+2cdx?+d? x4

Problem 39: Result more than twice size of optimal antiderivative.

sz (a+ b ArcSec|c +dx3]) dx

Optimal (type 3, 58 leaves, 7 steps):

bArcTanh| [1- — — |
ax3 b (c+dx3)ArcSec[c+dx3} (crdx?)
. _
3 3d 3d
Result (type 3, 154 leaves):
b (c4dx?) [heededxdne [CAr‘cTan[ . | +Loglc+dx®++/-1+c2+2cdx®+d*x° |
ax3 (crdx?) N -1+c?+2 cd x3+d? x®

+ lbstr'cSec[c+dx3} -
3

3 3dvV-1+c2+2cdx3+d?x8

Problem 40: Result more than twice size of optimal antiderivative.

Jx3 (a+bArcsec [c+dx*] ) dx

Optimal (type 3, 58 leaves, 7 steps):
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bArcTanh| [1- —1— ]
ax* b (c+dx*) ArcSec|c+dx*] (crdx?)
N _

4 4d 4d

Result (type 3, 137 leaves):

b\/—1+ (c+dx*)? |-Log[1- %} +Log[1+ %}
ax* b (c+dx*) ArcSec|c+dx*] NEWPFrOL 1 (crdaxt)?
4 4d
8d (c+dx*) [1-—1—
(c+d x*)
Problem 41: Result more than twice size of optimal antiderivative.
Jx‘l*” ArcSec[a+bx"] dx
Optimal (type 3, 49leaves, 6 steps):
Ar‘cTanh[ 1- L . }
(a+bx") ArcSec[a+bx"] (asbx")
bn bn
Result (type 3, 130leaves):
\/—1+ (a+bx")? (—Log{l— —2X | jog[1 s — 20X ]
(a+bx") ArcSec[a +bx"] -1+ (asbx")? J-1e (arbxn)?

bn 1

(a+b x")2

2bn (a+bx”) 1-
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Summary of Integration Test Results

224 integration problems

A - 170 optimal antiderivatives

B - 17 more than twice size of optimal antiderivatives
C - 36 unnecessarily complex antiderivatives

D - 1 unable to integrate problems

E - 0 integration timeouts



